INTRODUCTION
We shall consider the approximate solution of the Dirichlet problem Hère (a jk ) is a positive definite constant matrix. For this purpose, for h a small positive parameter, let Q. h C Q be a polygonal domain approximating Q.
Assume that Q h is the union of closed triangles having disjoint interiors, such that no vertex of any triangle lies on the interior of an edge of another triangle and such that, uniformly in h, the edges of the triangles have length bounded above and below by constant multiples of h and all the angles are bounded below. We assume throughout that the boundary 8Q is sufficiently regular and the approximation of Q by Q h is sufficiently close for the estimâtes to be quoted below the hold. Since we are aiming for interior estimâtes we shall not be very précise about these assumptions; in fact, we will consider the estimâtes (1.3), (1.4) and (1.6) below as our assumptions in this respect. In particular these will be satisfied if O is convex and smooth and the boundary vertices of Q h lie on 8D.
Let V h be the finite dimensional linear space of functions which are continuous in the whole plane, linear in each triangle and vanish outside Q h . Let { Pj } *= i be the interior mesh-points (vertices) of the triangulation. Then a basis of V h is formed by the éléments coj € V h for which co/Pj) = S j7 and the représentation of v € V h with respect to this basis takes the simple form 
u(x) = £ U(PJ)(ÙJ(X).
This function satisfies, as is well-known, under suitable assumptions
Hère and below we dénote by || • || ûjfc (with k omitted when zero) the norm in W%(Q) and by |«| Oifc the norm in C k (Q). This latter norm will also be used for k non-integral so that, for instance, | u | o f2 +e is finite when D*u € Lip e (O) for |a| = 2 (0 < e < 1). In (1.3), (1.4) and in what follows C dénotes a positive constant independent of h and the functions involved, but not necessarily the same at different occurances.
Introducing the bilinear form v 1 dv dw , the finite element problem may be formulated as follows : 
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It is well-known that this problem admits a unique solution v € V h9 and it has been proved (cf. [2] , [3] ) that under suitable assumptions, if M is the exact solution of (1.1), (1.2), then v is an approximation of u of the same order as the interpolant in the sensé that (1-6)
II»-«Ho
For the maximum norm of the error it was also proved that However, although this latter estimate is optimal in the sense that its order cannot be improved without changing the norm on the right hand side, one could hope to replace h by h 2 under more stringent regularity assumptions. We shall in fact be able to prove such second order estimâtes in the interior of the domain Q when the triangulation is regular in the interior of Q, in the sense that there are three different directions in the plane such that for any Q°w ith O° CC ü (i.e. Ü° C Q) and for h sufficiently small, the triangles intersecting 0° are defined by equidistant lines parallel to the given directions.
The following is our main resuit. Theorem 1. Assume that the triangulation is regular in the interior. Then for Q° CC Q there is a constant C and for any e > O a constant C € such that C/t 2 logi|u| n , 2 ,
The proof will depend on interpreting (1.5) as a finite différence équation. For this purpose we collect some results from finite différence theory in Section 2 and complete the proof of Theorem 1 in Section 3. In Section 4 we discuss briefiy the case of regular quadrilatéral éléments in the interior of Q. A weaker form of Theorem 1 was given in [5] .
ELLIPTTC UNITE DIFFERENCE OPERATORS
For real-valued functions defined on the square mesh hZ 2 we dénote u a = w(ocA), and introducé the translation operator T p defined by T p w a = « a We shall consider second order finite différence operators of the form where only a finite number of the constant real coefficients b$ are non-zero. It is well-known (cf. [6] ) that such a finite différence operator L h is consistent with For mesh-functions we define, with k a non-negative integer, the following norms IYK* ha / |»|*.«.fc = S \^v\h,cï with |ü| ftjQ |rl<fc and for 0 < e < 1, For mesh-functions with finite support we also use the inner product
The adjoint 12 of L h is defined by 3 and satisfies for y, w with finite support,
The operator L h is said to be elliptic if with < (3, 6 > = PJOJ + p 2 ö 2 , I<M>^O for 0 ^ 6 € Ô = { 6 ; je^l < ^7 = 1, 2 }.
For such operators we shall need the fundamental solution given by the following lemma. 
which proves the second inequality.
PROOF OF THEOREM 1
Let QP dC Q 1 <Z<Z ü 2 CZC O. In considering the regular triangulation in the interior of Q it is no restriction of generality, since L has arbitrary coefficients, to assume that the three families of straight lines defining the triangles are x x = nh, x 2 = nh 9 x x + x 2 = nh with n = 0, + 1,.... In this case the mesh-points of O 2 , for small h, are of the form <x.h with a € Z 2 and we may dénote the corresponding basis functions by o a and set u a = w(a/z). The basis of our analysis is then the following représentation of the Galerkm équa-tion (1.5) corresponding to the point P = och as a finite différence équation. Here we use in addition to the forward différence quotients 8,-also the backward différence quotients, Lemma 3.1. For euh € O?-the Galerkin équation (1.5) may be written
where L h is the elliptic finite différence operator
2
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Proof. It suffices to show (3.1) for a = 0. Let then P o = (0,0) and let Pj }f = t be its neighbors, P x = (A, 0), P 2 = (0, A), P 3 = (-A, A), = (-A,0), P 5 = (0,-A), P 6 = (A, -A).
Simple calculations give then for the corresponding basis functions This proves (3.1). We obtain for the characteristic polynomial of L b , O-<T*')(* tt *-1) = E a jk( l --cos sin fy sin 8 fc so that since (a^) is positive definite the operator L h is an elliptic finite différence operator.
Our purpose is now to rewrite the right hand side of the différence équa-tion (3.1) for ƒ-Lu as a combination of différence operators applied to certain averages of u along the edges of the triangulation. We define has its support in (J T t (see fig. 1 ) and has constant gradient in T ũ~ We now complete the proof of Theorem 1. Since L h is elliptic we may apply Lemma 2.2 to the restriction of u -v to the mesh-points of Cl 2 . We obtain by Lemma 3.1 and (3.3),
and hence applying Lemmas 2.3 and 3.3,
We further obtain, using (1.3) and (1.6), Using also (1.4) this complètes the proof of Theorem 1.
QUADRILATERAL ELEMENTS
In this section we shall consider the case in which the éléments in the interior of the domain are squares with sides of length h and the approximating functions are continuous in the union of the squares and bilinear in each square. Such a division of O in the interior may then be completed by means of triangles to a polygonal domain Cl h cQ and we shall dénote by V h the finite dimensional linear space of functions which are continuous in the whole plane, bilinear in the squares, linear in the triangles and which vanish outside Cl h . We may again in the present space V h define basis functions <ÙJ with <ÙJ(P{) - §,-( where { P t } f A are the interior mesh-points and we assume that the approximation of Cl by Cl h is such that the interpolant Nh satisfies (1.3) and (1.4) as bef ore. The finite element problem (1.5) still has a unique solution v 6 V h and the error estimate (1.6) holds.
We shall prove the following analogue of Theorem 1. Since the matrix (a ife ) is positive definite we havê 11^2*^1 "T" j^^1 2'^l t^2^' 1^2 ~1~ ^22^1*^2 ^ * so that
Hence for p to vanish we must have s t = 0 or s 2 = 0 and we then see from (4.2) that j t = »y 2 = 0 which proves the ellipticity. For the w l a the obvions analogue of Lemma 3.3 holds. In fact, the wjt depend linearly on u and vanish for u linear so that the resuit follows using the intégral représentation with second derivatives of the remainder in Taylor's formula.
The proof of Theorem 2 can now be completed analogously to Theorem 1.
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